It has been claimed that an impurity hopping between two sites in a metal can lead to non-Fermi-liquid behavior if the bias between the two sites is tuned to zero. Here it is shown that several extra tunneling processes are allowed; those involving bare impurity tunneling as well as two-electron-assisted tunneling play important roles. These terms generally drive the system away from the intermediate-coupling non-Fermi-liquid fixed point, which has the character of the two-channel Kondo problem. In order to find the non-Fermi-liquid behavior a combination of these terms must be small over a range of energy scales. The prospects for obtaining these conditions are studied by analyzing both the weak-coupling and the intermediate-coupling behavior, together with the connecting crossover region. Unfortunately, the conclusions are rather pessimistic. The phase diagram and the important crossover are analyzed via bosonization and refermionization and some of the results compared to those obtained from conformal field theory. Finally, an additional non-Fermi-liquid fixed point is found, a multicritical point with two relevant directions even in the unbiased case.
I. INTRODUCTION
A two-channel Kondo impurity in a metal is perhaps the most promising impurity system to exhibit low-temperature non-Fermi-liquid behavior experimentally. This hope rests on the relatively few degrees of freedom involved ͑a local spin doublet coupled to two degenerate ''flavors'' of spin- 1 2 fermions͒ with the symmetry group under which they transform being not very complicated ͓SU(2) flavor ϫSU͑2͒ spin ϫU͑1͒ charge ͔. As a result, one might hope that it would not be difficult to find a system whose low-temperature behavior would be described by the two-channel Kondo system.
Yet, for more than a decade since it was first introduced by Noziéres and Blandin, 1 no experimental realization of this model has been conclusively demonstrated. The difficulty lies in the fact that the non-Fermi-liquid fixed point is unstable to various symmetry-breaking processes that turn out to be present in real experimental situations. For example, Noziéres and Blandin 1 pointed out that anisotropy between the two flavor channels, caused by lattice effects, would destroy the non-Fermi-liquid ground state. Since this anisotropy could not be made to vanish for the known cases, the search for non-Fermi-liquid behavior with conventional spinKondo systems was suspended. Cox 2 pointed out, however, that under certain symmetry conditions, local quadrupolar degrees of freedom could result in two-channel Kondo-like coupling; unfortunately, dilute impurity systems of this type have proven hard to make.
Later, Vladár and Zawadowski 3 suggested that a nonmagnetic impurity tunneling between two sites in a metal could be modeled as a two-channel Kondo system in which the roles of the channels and the spins in the original formulation are interchanged. In this system the spin of the electron plays the role of the ''flavor channels,'' so that the anisotropy between ''channels'' is no longer an issue since in zero external magnetic field the spin-up and the spin-down electrons are degenerate. This led Vladár and Zawadowski 3 to predict nonFermi-liquid behavior in such a system. Recently Ralph et al. 4, 5 have interpreted low-temperature tunneling data in very small metallic contacts in terms of two-channel Kondolike physics. Their measurements are claimed to be consistent with certain exact results obtained by Affleck and Ludwig, 6 but at this point, the interpretation is still controversial. 7 Unfortunately, the mapping of the two-site impurity to the two-channel Kondo ͑2CK͒ system is far from exact and, even with no anisotropy between channels ͑the spin-up and spin-down electrons͒ there are other processes present in the tunneling impurity system that are relevant and hence generically destroy the non-Fermi-liquid ground state. These processes, which cannot be neglected, have not been treated adequately in the literature. 3, 8, 9 In this paper we carefully consider the mapping between the tunneling impurity system and the 2CK problem. We first analyze the behavior when the impurity tunneling starts to become important as the temperature is lowered; this is analogous to the weak-coupling regime of the Kondo problem and is needed in order to understand which tunneling processes will dominate at low temperatures. We then analyze the intermediate-coupling behavior to investigate whether there are parameter regimes in which the system will be governed by the 2CK fixed point over a reasonable range of temperatures, as would be needed to observe the non-Fermi-liquid behavior experimentally.
Unfortunately, even in the optimal case of an impurity tunneling between two identical sites so that the system has an extra Z 2 symmetry, we find that the 2CK fixed point is only accessible if two tunneling processes, which are very different physically, nearly exactly cancel. Generically, the system will exhibit Fermi-liquid behavior at lowtemperatures.
We analyze the behavior near the 2CK point in detail, focusing on the connection between the physical operators and those that appear as ''natural'' operators in the 2CK language. It is found that, on the critical manifold, which can be obtained in the symmetric impurity problem by adjusting one parameter, there are four leading irrelevant directions in contrast to the behavior for the pure 2CK problem analyzed by Sengupta and Georges. 10 Various symmetry-breaking terms are also studied and our results recover those derived by Affleck et al. 11, 12 with conformal field-theory techniques. A somewhat surprising feature emerges in the fuller phase diagram of the symmetric impurity model: a second fixed point that exhibits non-Fermi liquid behavior, albeit one with two relevant directions in the Z 2 symmetric case.
A. Outline
In the remainder of the Introduction we motivate the form of the Hamiltonian in which we focus and interpret the various terms that should appear. In Sec. II we derive an effective Hamiltonian that we will study and analyze its symmetries, while in Sec. III the weak-coupling analysis is outlined. In Sec. IV the behavior near the intermediate-coupling 2CK fixed point and, for completeness, the various symmetrybreaking operators near the 2CK fixed point are studied. In Sec. V we discuss the existence of an extra fixed point at intermediate coupling. In Sec. VI we discuss the accessibility of the 2CK fixed point and draw our conclusions. Finally, in the Appendixes, the details of the weak-coupling ͑Appendix A͒ and the intermediate-coupling analysis ͑Appendix B͒ are presented; the comparison of our results to those obtained by conformal field theory is made in Appendix C.
B. Physical picture
The system we wish to describe is an impurity or heavy particle that can hop back and forth between two sites coupled to a bath of electrons. The two sites may or may not be equivalent, but we will primarily focus on the symmetric ͑equivalent͒ case. The asymmetric case can readily be treated in a similar manner. The effects of the interaction of this impurity with the electrons can be manifested in a number of ways. First, the electrons will tend to screen the charge of the impurity. Thus the impurity will hop between the two sites carrying with it tightly bound electrons that can move fast enough to adjust to the position of the impurity; it is convenient to consider these to simply be part of the ''dressed'' impurity particle. However, in addition, as the impurity moves it may also redistribute the low-energy electronic excitations near the Fermi surface. Since we are interested in the low-energy physics, these processes must be treated directly. For simplicity we consider only s-wave scattering off the impurity.
If an impurity of charge Ze hops between two well separated sites, then the Friedel sum rule relates the (s-wave͒ scattering phase shift off a static impurity ␦ to the electronic charge that will be moved to screen the impurity as it moves adiabatically from one site to the other, via Zϭ2␦/, with the factor of 2 due to the two spin species. Conversely, if the two sites are close together, one can still usefully speak of an effective charge Q ͑per spin͒ plays an analogous role to Qϭ␦/ in the well separated case, but is no longer simply related either to scattering phase shifts or to the impurity charge. It will instead turn out to be exactly the ''orthogonality catastrophe'' exponent that determines the system size dependence of the overlap between the electronic ground states with the impurity at the two sites. 13 For simplicity, we will focus on Q in the range 0рQр1, corresponding to repulsive interactions. ͑As shown in Ref. 14, other ranges of the effective charge can be reduced to this case via a set of more complicated combined impurity-electron processes related to those we consider here.͒
The important processes, in addition to hopping of the ͑dressed͒ impurity by itself, will be those in which one or two low-energy electrons move in the opposite direction to that the impurity hops. These processes can, for QϾ1/2, reduce the effective charge that must relax to the new impurity position, thereby decreasing the orthogonality between the pre-and post-hop configuration; this results in a larger amplitude for the combined impurity-electron process at low temperatures, relative to the simple impurity hop process. ͑Note that in Ref. 14, a sign error in the definition of Q resulted in the incorrect interpretation being given to these processes; this error does not affect the conclusions, just the interpretation of the combined hopping processes.͒
In order to proceed with the analysis of the lowtemperature behavior of interest it would appear to be important to assess the relative magnitudes of the amplitudes, at some high-energy scale, of the processes discussed above. However, it has been claimed 17 that this is essentially impossible for strong electron-impurity interactions. Indeed Kagan and Prokof'ev 17 have claimed that a sensible Hamiltonian cannot be written in terms of a simple two-level system since the high-energy electronic degrees of freedom cannot be properly taken into account. Although there are indeed real difficulties here, it should nevertheless be possible to introduce effective amplitudes at some intermediate-energy scale and then analyze the behavior of the system in the phase space of these effective parameters. In general, unless there are specific reasons to prevent it, one would expect that most combinations of parameters could, in principle, be realized. We thus approach the problem via this route and start with an effective Hamiltonian at an intermediate energy scale, at, say, some fraction of the conduction bandwidth. As we shall see, the extra hopping processes will in any case be generated at low energies.
II. EFFECTIVE HAMILTONIAN
The important electronic degrees of freedom at low energies are those that interact with the impurity in one of its two positions ''1'' and ''2.'' These are just the s-wave conduction electrons around the positions of the two sites. Thus, at each energy, there will be two important electronic degrees of freedom per spin. However, unless the two sites are very far apart ͑in which case the impurity tunneling rates will be negligible and hence not of interest͒, the two sets of s-wave electrons will not be orthogonal; this will play an important role in what follows. If we label the two sets of s-wave electrons by their energy ⑀ measured from the Fermi surface, then for each ⑀ there is an ͑essentially͒ unique pair of linear combinations of the two s-wave states, which are orthonormal and transform into each other under interchange of the two sites. We label the annihilation operators of this orthonormal pair c 1⑀ and c 2⑀ with anticommutation relations
with ''1'' and ''2'' denoting the sites near which the wave function is larger. The impurity interacts with, simply, the operators
2CK fixed point if QϾ0. 15 Unfortunately, there is no natural small parameter that keeps the pseudospin symmetrybreaking terms small.
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B. Bosonization
In order to carry out the renormalization-group analysis for small bare impurity hopping rates, it is useful, as is standard, to bosonize the electronic degrees of freedom, treating the electronic states c 1,2⑀ as those of a one-dimensional system with two sets of right moving electrons with ''wave vectors'' v F (kϪk F )ϰ⑀. It is simplest to set the Fermi velocity v F ϭ1 and treat ⑀ like a wave-vector index, defining
with jϭ1,2; ϭ↑ ,↓ ; and ⌽ j being the corresponding bosonic degrees of freedom, where we have followed Emery and Kivelson's notation. 18 Only c j ϵc j (xϭ0͒ couples to the impurity. Note that in the standard expression Eq. ͑11͒ the left-hand side is normal ordered and therefore the ͑infi-nite͒ uniform charge density does not appear. Also corrections that vanish as c →0 are neglected; we will be careful to include the effects of extra terms when they play an important role.
Since we will later need to be careful to have the proper anticommutation relations, we must insert extra factors of the form exp(iN ), with N ϵ͐dx⌿ † (x)⌿ (x), into some of the bosonized expressions to ensure anticommutations of the different Fermi fields. These will not play a role as long as no spin-flip processes occur and, for the time being, we ignore them; the needed modifications are spelled out in Appendix B.
It is useful to define even and odd components of the Bose fields
The Hamiltonian then becomes
where in all the coupling terms the bosonic fields are evaluated at xϭ0 and we use the impurity pseudospin operators
The conduction electron part of the Hamiltonian can be written in terms of boson creation and annihilation operators (⑀) with the canonical commutation relation
which involves positive-energy parts only. Here c Ϫ1 is the energy cutoff and represents the various Bose fields, i.e., for Eq. ͑13͒, ϭ(e↑,e↓,o↑,o↓). We see that Eq. ͑13͒ does not include any terms with ⌽ e↓ or ⌽ e↑ . Thus, up to operators that are irrelevant for weak coupling, the impurity is decoupled from the even boson fields.
It is convenient, following Emery and Kivelson, 18 to decompose the odd field ⌽ o that couples to the impurity, into a spin and charge part, by
with ϭϮ for spins ↑,↓, respectively. The second term in Eq. ͑13͒ becomes simply Q 0 z (‫ץ‬⌽ c /‫ץ‬x) (0). This term, which represents the difference in phase shifts for electron scattering off the two positions of the impurity, can be shifted away by a unitary transformation that changes the naive weak-coupling scaling of the hopping terms; this is the conventional approach used 9, 10, 14, 18 to derive the weakcoupling flows discussed in Sec. III.
Although the even fields will not play much role for the time being, for later purposes we also introduce even fields ⌽ ec ,⌽ es by
Note that any sum or difference of any two of the ⌽ j , i.e., those that appear from operators bilinear in electron operators, can be written as a sum or difference of two of the fields ⌽ s ,⌽ c ,⌽ es ,⌽ ec with coefficients of unity; this enables the method of Emery and Kivelson 18 to work.
III. WEAK HOPPING ANALYSIS
In order to connect the various amplitudes at the relatively high-energy scale of the effective Hamiltonian ͓Eq. ͑13͔͒ to their renormalized values at low energies we must analyze the weak-coupling RG flow equations for the amplitudes in Eq. ͑13͒. The magnitudes of the various terms at the crossover scale to intermediate coupling will determine which re-gions of the initial parameter space can flow near to the 2CK fixed point.
Following the procedure in Ref. 14, we transform H to UHU † using the unitary operator
and write the partition function as a sum over the imaginary time paths of the impurity position, weighted by the action obtained from H. This approach naturally allows one to study the RG flows in the regime of primary interest here, in which Q 0 is not small. For later convenience we introduce
which lies in the range (Ϫ1/2,1/2):
The important cross terms in the first three equations in Eq. ͑23͒ that are proportional to the electronic mixing term y, have a simple physical interpretation: they represent the effects of an impurity and an electronic hop both occurring within a short time interval so that, at lower energies, this appears as simply the corresponding combined process. Note that we have not included O(y 2 ) terms in the above equations; the definition of these will depend on the RG procedure and they will not qualitatively change the behavior. Thus, in the spirit of focusing on the important processes and terms, we ignore them. 19, 20 Noting that q and y are constant to order O(⌬ 2 ), to analyze the flow for weak hopping, we can safely set them to their initial values q 0 and y 0 . Then the first three equations can be diagonalized exactly; the details are discussed in Appendix A. The RG eigenvalues for the hopping terms about the zero hopping fixed line are
We now note that for 0рQ 0 р1, corresponding to ͉q 0 ͉р 1 2 , at least two eigenvalues are positive so that impurity hopping is always relevant ͑leading to the conclusion of absence of impurity localization 14 ͒; likewise, for other ranges of Q 0 , there will always be at least two relevant hopping processes if there is only s-wave scattering off the impurity.
The Kondo temperature T K is the energy scale at which the first of the impurity hopping processes becomes of order unity, i.e., of order the renormalized bandwidth. The system considered by Vladár and Zawadowski 3 and Vladár et al. 8 essentially amounts to neglecting ⌬ 2 and y; for small ͉q͉, which will turn out to be the most interesting case, this misses part of the physics. The reason is simply that they neglect one relevant operator ⌬ 2 , which mixes with the other two to give the correct eigenvalues ͓Eq. ͑24͔͒. Furthermore, as will be seen later, nonvanishing values of ⌬ 2 and y are crucial to give the correct renormalization flows close to the intermediate-coupling fixed point. If we only kept Q and ⌬ 1 nonzero, their weak-coupling flows would be ͑up to coefficients͒ like those for J z and J Ќ for the conventional Kondo problem. The Kondo scale is then simply
after reinserting factors of the bandwidth W. ͑For the special value ⌬ 1 ϭ2Q, T K ϳe Ϫ1/⌬ 1 , like in the well known antiferromagnetic Heisenberg Kondo problem.͒ For this artificial case, at scales below T K , the two-channel Kondo physics will indeed appear, as we will discuss later. This results from the approach, at low energies, of the system to the intermediate-coupling 2CK fixed point.
Unfortunately, the breaking of the artificial pseudospin symmetry leads to the appearance of terms that generically drive the flow away from the 2CK fixed point. In order to analyze whether the system can get near the 2CK fixed point-the prerequisite for observation of non-Fermi liquid behavior-we must be able to identify the operators near the 2CK fixed point in terms of the original terms in the Hamiltonian; the magnitude of the operators, in particular the relevant ones, can then be determined, roughly, by ''matching'' the coefficients at the crossover scale T K between the weakand intermediate-coupling regimes.
From Appendix A, we see that the crossover temperature T K will generally be a complicated function of the original parameters. Before examining the magnitude of the various important terms at T K , we turn to the behavior near the 2CK fixed point; this will tell us which terms need to be small at scales of order T K for 2CK behavior to obtain.
IV. INTERMEDIATE-COUPLING ANALYSIS AND TWO-CHANNEL KONDO FIXED POINT
From the weak-coupling flow equations in Eq. ͑23͒, it is apparent that, in the absence of electronic mixing (yϭ0͒, there is a special value of the effective impurity charge Q: for Qϭ 1 2 , corresponding to qϭ0, ⌬ 0 , ⌬ 1 , and ⌬ 2 all scale in the same way with the eigenvalue ϭ 0 ϭ Ϯ ϭ 1 2 . By analogy to the Toulouse limit of the conventional onechannel Kondo problem, it is thus natural to look for a solvable point that corresponds to yϭqϭ0, inspired by the observation that free Fermi fields have scaling dimension of 1 2 and thus might be used to represent all of the hopping terms that appear for qϭ0. This has been carried out recently by Emery and Kivelson, 18 who ''refermionize'' the bosonized operators that appear in the Hamiltonian enabling the computation of the scaling of the various important operators.
By examining the weak-coupling flows, it is apparent that special behavior might occur when ⌬ 0 ϩ⌬ 2 ϭ0. Defining
we see that, at least to the order included in Eq. ͑23͒, for yϭ0 and ⌬ ϩ ϭ0, q flows to zero, y is not generated, and one might hope that the flow would be towards the 2CK fixed point. Indeed, the intermediate-coupling analysis shows that this can occur, even if
is nonzero so that the artificial pseudospin symmetry is broken.
Physically the role of ⌬ ϩ is very surprising. The processes represented by ⌬ 0 and ⌬ 2 are very different and the definitions that make them dimensionless are clearly cutoff dependent. Thus the special critical behavior must not in general occur exactly at ⌬ ϩ ϭ0, since the location, but not the existence, of the critical manifold will be affected by irrelevant operators. In particular, from the weak-coupling flows we can see that a nonzero q combined with ⌬ Ϫ 0 will generate ⌬ ϩ , thus a ''bare'' ⌬ ϩ that is nonzero will be needed for the flow to go to the 2CK fixed point asymptotically.
In 
where we have combined the terms
and abbreviated ⌽ (xϭ0) simply by ⌽ . We have also reintroduced some of the coupling terms to the even fields; in particular the marginal term u‫ץ‬⌽ ec /‫ץ‬x , which arises from the impurity-position-independent part of the electronimpurity scattering ͓V 1 in Eq. ͑4͔͒, and the term w x cos⌽ c ‫ץ‬⌽ ec /‫ץ‬x , which arises from the combination of u and impurity hopping terms ⌬ ϩ and is irrelevant for weak hopping, will play roles in our analysis. An additional irrelevant term y sin⌽ s ‫ץ‬⌽ es /‫ץ‬x couples the impurity to the electronic spin degrees of freedom, but does not feed back to the other operators and thus we ignore it for the time being. Its effect will be discussed further in Appendix C.
A. Symmetries
Since we expect that the symmetries will play an important role, we should examine what the original symmetries correspond to in H and ensure that there are no extra symmetries that might have arisen from the discarding of operators that were naively irrelevant, since, as shown in Ref. 14, such procedures, especially when combined with ''large'' transformations, such as Eq. ͑28͒, can be dangerous.
Gauge invariance and spin conservation
Since there are no spin-flip processes, separate gauge transformations can be made for each spin ⌽ j (x) →⌽ j (x)ϩ , corresponding to ⌽ e →⌽ e ϩͱ2 . This does not play much of a role as the ⌽ ec field enters only as a derivative ‫ץ‬⌽ ec /‫ץ‬x and the ⌽ es field decouples from the impurity at the level at which we work ͑there is feedback, under renormalization from other operators involving ⌽ e , but these only modify pre-existing terms in H ). However, if the z component of electron spin is not conserved, then only the symmetry ⌽ ec →⌽ ec ϩ ec remains.
Periodicity
The definition of the Fermi fields Eq. ͑10͒ implies that shifting any ⌽ j by 2 should leave H unchanged. Depending on whether one or both spin components are shifted, this implies that ͑ignoring shifts in ⌽ ec )
are independent symmetries, as is the combination
with the necessity for the simultaneous transformation of x,y resulting from the unitary transformation U, which involves ⌽ c so that ⌽ c →⌽ c ϩ introduces an extra exp(Ϫ i/2 z )ϭϪi z factor into U yielding x,y →Ϫ x,y in H .
Interchange
Interchanging sites one and two is equivalent to
with ⌽ ec,es unchanged.
Spin reversal
Flipping electron spins is simply ⌽ s →Ϫ⌽ s and ⌽ es →Ϫ⌽ es .
Time reversal
Time-reversal transformations change ingoing to outgoing waves, thereby yielding x→Ϫx, i→Ϫi, all ⌽ (x)→Ϫ⌽ (Ϫx), and y →Ϫ y . Note that here we are not time reversing the spins.
Artificial extra symmetries
We now see that, indeed, H in Eq. ͑29͒ with all coefficients nonzero does not have any artificial symmetries. But, as seen earlier, an artificial extra pseudospin symmetry is possible: pseudospin conservation mod2 corresponds to ⌽ c →⌽ c ϩ and more generally full pseudospin symmetry corresponds to independence of the ''1'' and ''2'' electrons, i.e., ⌽ c →⌽ c ϩ c with any c . The terms w, ⌬ ϩ , ⌬ Ϫ , and y all violate this, and it can readily be seen in the representation of H of Eq. ͑29͒ that y combined with ⌬ 1 generates ⌬ ϩ and q combined with ⌬ Ϫ generates ⌬ ϩ , as expected.
In the representation of Eq. ͑29͒ we see that there is another possible artificial symmetry: If w, ⌬ ϩ , y, and q are all zero, then
becomes a symmetry. This, as we shall see, restricts the system automatically to the stable critical manifold of the 2CK fixed point. But note that because of the unitary transformation of Eq. ͑28͒, ⌽ c →Ϫ⌽ c does not correspond to a realizable symmetry in terms of the original variables since it mixes hops involving the impurity alone and those involving the impurity together with two electrons. ͑Indeed, many other irrelevant terms neglected in H will also violate this artificial symmetry.͒
B. Refermionization
If ⌬ ϩ , q, y, and the other operators neglected in H all vanish, then the system will still exhibit the intermediatecoupling 2CK behavior. As we shall see, the only relevant operator near the 2CK fixed point, which is consistent with the true symmetries of the impurity hopping between two equivalent sites, is ⌬ ϩ , thus only one combination of physical quantities needs to be adjusted to obtain the 2CK behavior. Unfortunately, this is a combination that is not naturally small.
The behavior near the 2CK fixed point can most easily be found following Emery and Kivelson 18 by refermionizing the Bose fields ⌽ c , ⌽ s , and ⌽ ec that appear in H in Eq. ͑29͒, noting that expi⌽ ͑with ⌽ properly normalized͒ is like some pseudo-Fermi field. The details are discussed in Appendix B.
Crudely 
͑38͒
with H 0 the kinetic energy of the four ͑eight Majorana͒ new Fermi fields ⌿ . With the full symmetries of the system, the other five fields (␣ s and the ec and es fields͒ cannot appear in the couplings to the impurity, except in relatively innocuous forms, involving the simple potential coupling to the average position of the impurity i␣ ec ␤ ec and combinations of this with other terms, as well as the irrelevant term ␦␣ s ␣ es ␤ es , which will be discussed in Appendix C. Note that other potentially important operators, such as ␦␤ s ␣ c ␤ c and i␦ ‫␣ץ͓‬ c (0)/‫ץ‬x͔ , are excluded by time-reversal invariance. The original 2CK problem studied by Emery and Kivelson 18 and Sengupta and Georges 10 corresponds to ⌬ Ϫ ϭ⌬ ϩ ϭyϭwϭ0. In our case nonzero ⌬ Ϫ can be important by observing that ␥, half of the impurity, couples to both ␤ c and ␤ s , thus it is convenient to rediagonalize and make linear combinations of these, ␤ I and ␤ X yielding, with
͑40͒
where ȳ and q are linear combinations of the original y and q ͓see Eq. ͑B7͒ in Appendix B for details͔. . If all the couplings are small, then the anticommutation relations of ␥ and ␦ imply that they are dimensionless so that ⌬ ϩ and ⌬ K scale as
, while q and ȳ are marginal as from the weak-coupling analysis of Sec. II ͓Eq. ͑23͔͒ and w is irrelevant.
C. Two-channel Kondo fixed point and flows
When ȳ ϭq ϭ⌬ ϩ ϭwϭ0, the Hamiltonian in Eq. ͑40͒ corresponds to the Toulouse limit analyzed by Emery and Kivelson. 18 As a free fermion system it can be analyzed straightforwardly. In this limit ''half'' of the impurity, ␦, is uncoupled from the electrons and thus has no dynamics, while the other ''half,'' ␥ gets dynamics from coupling to the electrons with correlations at large imaginary times ͗T ␥͑͒␥͑0͒͘ϳ
Together these yield the non-Fermi-liquid 2CK behavior
It is important to note that 22 the solvable Hamiltonian is not generally at the 2CK fixed point. Indeed, the correlations are readily seen to exhibit crossover from weak-coupling behavior ͗ z z ͘ϳconst to the non-Fermi-liquid behavior of Eq.
͑42͒ for տ⌬ K Ϫ2 c . The 2CK fixed point formally corresponds to ⌬ K →ϱ. It is more convenient, however, to allow instead the normalization of ␥ to change, corresponding to letting the coefficient of the ‫ץ␥͐‬ ␥d in the Lagrangian vary. At the fixed point, this coefficient, say g ␥ , will be zero, while ⌬ K becomes a constant; the correlations of ␥ are then simply the inverse ͑in frequency space͒ of those of ␤ I , i.e., a pure power law Eq. ͑B10͒. To connect the two regimes together, one could choose to renormalize so that, for example, ⌬ K 2 /4ϩg ␥ ϭ1 ͓a particularly convenient choice; see Eq. ͑B12͔͒ by rescaling ␥ under renormalization by a ⌬ K -dependent amount. Details about this procedure are given in Appendix B. ͓Note, however, that the resulting fixed point Hamiltonian ͑with ⌬ K ϭͱ4) will not have the pseudospin SU͑2͒ symmetry of the pure 2CK problem. This is because the RG approach we have implemented here, including the unitary transformation of Eq. ͑28͒, is inherently anisotropic in channels ͑equivalent to spin of conventional 2CK problem͒. In Appendix C we will show that this anisotropy will not affect the results.͔ At the 2CK fixed point, the above scaling implies ␥ϳ
, while ␦ is still dimensionless so that the RG eigenvalues of the other operators can be read off immediately: ϩ1/2 for ⌬ ϩ , the unique relevant operator consistent with the symmetries of the problem; Ϫ1/2 for q , ȳ , and w, which are the three leading irrelevant operators discussed so far ͑the fourth will appear in Appendix C͒; and 0 for u, which is marginal but redundant in that it does not affect the impurity dynamics. Note that the presence of a single relevant operator in our case of Z 2 interchange symmetry follows from the analysis of Ref. 11 .
The operator corresponding to q does not give rise to any terms that couple ␦ linearly to the ␣'s and ␤'s and hence will not generate ⌬ ϩ . It is the leading irrelevant operator for the 2CK problem identified by Sengupta and Georges. 10 An artificial symmetry is responsible for its special role, indeed just the one discussed earlier: Eq. ͑35͒ corresponds to the discrete symmetry ␣ c →Ϫ␣ c and ␤ X →Ϫ␤ X , which does not have a natural representation even in terms of ⌽ c and ⌽ s . But if present, this artificial symmetry excludes the generation of terms such as ⌬ ϩ , ȳ , and w, even in the presence of q . In fact, without these terms, the extra artificial symmetry is really an O͑2͒ symmetry in the ͕␣ c ,␤ X ͖ pair, consisting of a U͑1͒ of rotations in the (␣ c ,␤ X ) plane, combined ͑in a noncommutative way͒ with Z 2 , the usual site interchange symmetry, which takes ␣ c →Ϫ␣ c and ␤ X →␤ X . This is exactly analogous to the O͑2͒ symmetry present in the model treated by Emery and Kivelson 18 and Sengupta and Georges. 10 In contrast, the irrelevant operators w and ȳ break the artificial symmetry and yield, at lowest order, the generation of the relevant operator ⌬ ϩ ͓see Eq. ͑B14͔͒
consistent with expectations from weak coupling. This implies, as stated earlier, that the critical point will not be exactly at ⌬ ϩ ϭ0.
Of the three leading irrelevant operators it should be noted that, although ȳ has the same scaling dimension as q and w, it has a different role close to the 2CK fixed point. The reason is that it couples to the term i␥␤ I , already present at the fixed point. But the ⌬ K term at the fixed point suppresses fluctuations of ␤ I , causing the leading term in the correlations of ␤ I to vanish at the fixed point ͑with subdominant terms caused by g ␥ 0). As a result, unlike q and w, which each yield O(TlnT) contributions to the impurity specific heat, 10 a key feature of a 2CK non-Fermi-liquid, the singular part arising from ȳ is only of O(T 3 lnT), for temperatures TӶT K . Thus only two of the above independent leading irrelevant operators give leading singular specific heat corrections. In fact, there is a third one, involving only spin degrees of freedom, which is discussed in Appendix C.
In Sec. VI the conditions for accessibility of the 2CK fixed point are analyzed. We turn here to the further analysis of the behavior near the 2CK fixed point.
D. Symmetry-breaking operators
Up to this point we have only dealt with an electronimpurity system that is invariant under Z 2 (1↔2 interchange͒ and spin SU͑2͒ symmetry. However, in a realistic situation of an impurity in a metal, there will generally be a nonzero, although possibly small, asymmetry between the two sites that will break the Z 2 symmetry. Furthermore, in the presence of a magnetic field, the equivalence between the two spin channels will be lost, leading to a situation similar to the anisotropic Kondo problem. 1, 23, 24 As might be expected, in both cases, the symmetry-breaking terms are relevant and in their presence the system flows away from the 2CK fixed point. In this section, we will briefly comment on the effects of symmetry-breaking terms close to the 2CK fixed point.
It is clear from the discussion in Sec. IV C that for an operator to be relevant close to the 2CK fixed point, it has to be of the form i␦, where is a Majorana fermion of scal-ing dimension 1/2. From the ten Majorana fermions ͑four pairs of ␣ ,␤ and ␥,␦, all listed in Table I͒ we can make nine such operators. Excluding i␦␣ ec and i␦␤ ec due to total electron number conservation ͑which only allows ␣ ec and ␤ ec to appear together as ␣ ec ␤ ec ), we are left with seven possible terms.
From the transformation properties under the discrete symmetries of the system, listed in Table I , it can be seen that ␤ c and ␤ s have the same symmetries; indeed this is why the ⌬ 1 and ⌬ Ϫ terms in Eq. ͑38͒ could be combined into the ⌬ K term of Eq. ͑40͒. In the presence of small i␦␤ c and i␦␤ s terms, a small rotation of the (␦,␥) pair as well as a small additional rotation of the (␤ c ,␤ s ) pair can be performed to yield just a slightly modified i⌬ K ␥␤ I term and a single remaining relevant perturbation, the i␦␤ X term. The extra operators (i␥␤ X and i␦␤ I ) are thus ''redundant. '' 25 Therefore at the 2CK fixed point, there are exactly six relevant operators, all with RG eigenvalue of 1/2, like ⌬ ϩ . These, along with their symmetry properties, are listed in Table II. The first three operators in Table II do not break the spin SU͑2͒ symmetry. Among these, the first, our familiar i⌬ ϩ ␦␣ c , is interchange and time-reversal symmetric, corresponding to the relevant part of the channel pseudospin operator S x . Correspondingly, the second, i␦␥, breaks interchange symmetry but is time-reversal invariant, corresponding to a S z operator. This will result from simple asymmetry between the impurity energies of the two sites, i.e., a z term in the original Hamiltonian. Finally, i␦␤ c ͑or, equivalently, i␦␤ s ) breaks interchange and time reversal, which makes it an imaginary operator, i.e., it is generated by an S y operator in the channel sector, corresponding to complex hopping matrix elements.
The relevant spin SU͑2͒ breaking operators are i␦␣ s , i␦␣ es , and i␦␤ es ; these correspond to joint electronimpurity hops accompanied by a spin flip or carrying electronic spin. They correspond to combinations of
, and their Hermitian conjugates and are discussed in Appendix B ͓see Eqs. ͑B16͒ and ͑B17͔͒. The first corresponds to the flavor anisotropy term in the conventional two-channel Kondo model 1, 23, 24 and, being interchange and time-reversal symmetric but odd under spin flip, is induced by a magnetic field in the z direction. Interestingly, the remaining two relevant spin SU͑2͒ breaking operators are odd under the Z 2 interchange transformation. This means that in order to adjust them to zero in a nonzero external magnetic field, one would have to tune also terms that break the interchange symmetry of the problem, making any additional, finite magnetic field, non-Fermi-liquid fixed points ͑analogous to that found in zero field for ⌬ ϩ ӷ⌬ 1 ,⌬ Ϫ ), extremely hard to observe in a system that does not have interchange symmetry.
V. ADDITIONAL INTERMEDIATE-COUPLING FIXED POINT
In the preceding section we analyzed the behavior of the system close to the 2CK fixed point, which corresponds to the limit ⌬ K ӷ⌬ ϩ . There, we showed that ␥, ''half'' of the impurity, acquired nontrivial dynamics, which essentially gave rise to the non-Fermi-liquid behavior of the system. However, as is evident by examining Eq. ͑40͒, it should be, in principle, possible to get the same type of non-Fermi behavior if the inequality above were reversed (⌬ K Ӷ⌬ ϩ ).
Indeed, following the same arguments analyzed above, we see that when ⌬ K ϭq ϭȳ ϭwϭuϭ0 and ⌬ ϩ 0 we have a critical point, which has an extra artificial U͑1͒ symmetry, namely, rotations in the (␤ I ,␤ X ) plane. At this secondary fixed point, ␦, the other half of the impurity, acquires dynamics, rather than ␥. The operators q , ȳ , i␥␤ I ⌿ ec † ⌿ ec , and i␥␤ X ⌿ ec † ⌿ ec have scaling dimension 3/2 and thus are irrelevant with RG eigenvalue Ϫ1/2. But of these, only the last two will give singular specific heat corrections ͓O(TlnT)͔.
However, there is an important difference from the primary 2CK fixed point discussed earlier. About this fixed point, there are two relevant operators, consistent with the symmetries of the model, namely, i␥␤ I and i␥␤ X ͑or, equivalently, i␥␤ c and i␥␤ s ), both with dimension 1/2. These correspond simply to ⌬ 1 and ⌬ Ϫ before the change of variables ͓Eq. ͑B6͔͒ leading to Eq. ͑40͒; they can be gener- 
ated from nonzero q and y. The existence of two relevant operators is due to the fact that ␤ I and ␤ X transform the same way under the discrete symmetries; thus the artificial U͑1͒ symmetry cannot be extended into an O͑2͒ group ͑as was the case for the 2CK fixed point͒. As a result, this new fixed point is harder to find in the interchange symmetric case than the primary 2CK fixed point, as it requires the impuritysingle-electron hopping term to be small and the twoelectron-plus-impurity and the simple impurity hopping terms to be almost exactly equal at the Kondo scale. It should be noted, however, that the total number of relevant, dimension 1/2, operators around this fixed point is again 6, including the above-mentioned ones, together with i␥␦ and the three spin SU͑2͒ symmetry breaking operators i␥␣ s , i␥␣ es , and i␥␤ es , as discussed in Sec. IV E and listed in Table II , indicating that the fixed-point symmetry is again that of the conventional 2CK model. This is supported by the fact that, just like in the case of the 2CK fixed point, there are four operators with scaling dimension 3/2, albeit with completely different symmetries. Finally, some comments are needed on the nature of this fixed point. We should first stress the absence of ⌬ 1 , the impurity-single-electron hopping term, which together with the Q 0 term ͓see Eq. ͑8͔͒ would form the conventional Kondo-like interaction term. Hence the appearance of nonFermi-liquid behavior does not originate from the competition between the spin-up and spin-down electrons to form a channel-pseudospin singlet ground state with the impurity, but, rather, in the presence of strong impurity-electron repulsion (Q 0 Ϸ1/2), from the competition between bare impurity tunneling and two-electron-plus-impurity tunneling. Formally, there is an analogy with the conventional two-channel flavor-anisotropic Kondo model, 23 with ⌬ Ϯ playing the role of the Kondo couplings of the two flavor channels, which can be seen on the left-hand side of Eq. ͑30͒ if ⌽ c is substituted by ⌽ s . When ⌬ 0 ⌬ 2 one flavor channel couples more strongly to the impurity, therefore screening it alone at low energy, which results in usual Fermi-liquid behavior. However, if ⌬ 0 ϭ⌬ 2 the flavor anisotropy disappears and the system flows to a non-Fermi-liquid fixed point ͑provided that ⌬ 1 is zero͒. As a result, although this fixed point may be in the same universality class as the conventional 2CK model, the mechanism that brings it about is completely different physically.
VI. ACCESSIBILITY OF THE TWO-CHANNEL KONDO FIXED POINT AND CONCLUSIONS
In the previous sections we have shown how the physical operators in the tunneling impurity problem behave near the two-channel Kondo fixed point. In particular, we observed that a linear combination ⌬ ϩ ϭ⌬ 0 ϩ⌬ 2 of the bare impurity hopping ⌬ 0 and the impurity-plus-two-electron hopping ⌬ 2 is relevant and drives the system away from this special critical point resulting in conventional Fermi-liquid behavior at low-temperatures, as for the usual one-channel Kondo system. If one could somehow tune ⌬ ϩ ͑or one other coupling such as the electronic hopping y͒, then one might be able to tune through the critical point and find the 2CK non-Fermiliquid behavior at low temperatures in the vicinity of a critical coupling. Unfortunately, such tuning over an adequate range is probably difficult to achieve. Thus one probably has to rely on the hope that a natural regime of couplings will lead to flow under renormalization close to the 2CK fixed point. Vladár and Zawadowski 3 appear to suggest that this should be the case. Unfortunately, a more complete analysis implies the converse, that only for fortuitous reasons would the impurity system, even without asymmetry between the sites, exhibit 2CK behavior at low T.
In this section, we use the weak-coupling analysis of Sec. III and Appendix A combined with the intermediate-coupling analysis of Sec. IV and Appendix B to find criteria for approaching close to the 2CK fixed point.
Since we are interested in systems in which the Kondo temperature is much less than the bandwidth, the weak hopping behavior will control the relative strengths of couplings at the Kondo scale, at which the first of the hopping terms becomes of order the renormalized bandwidth. Operators that are irrelevant for weak hopping will flow away rapidly under renormalization, changing by finite amounts the remaining parameters q, y, and the ͕⌬ i ͖, iϭ0,1,2. For example, the complicated hopping-scattering term w, which was discussed in Sec. IV and plays a role near the intermediate-coupling fixed point, will be of order the hopping terms ͕⌬ i ͖ or smaller initially and flow away rapidly, modifying, among other terms, ⌬ ϩ as in Eq. ͑43͒ in the process. This will be the main role of such a term and we can incorporate its effects into a modified bare ⌬ 0 and ⌬ 2 . We thus start at an energy scale substantially below the bandwidth at which the important parameters for Q͓0,1͔ are just q, y, and the ͕⌬ i ͖ at this scale, the irrelevant operators having become small. The relevant eigenvalues for the hopping about the zero hopping fixed manifold will be universal. For small y they are given by Eq. ͑24͒.
If Q is initially small, i.e., qр1/2, ϩ will be substantially larger than the other eigenvalues and thus a particular linear combination of the ͕⌬ i ͖ will grow fast. Unfortunately, as can be seen from Appendix A, this combination (⌬ 0 ) is the wrong one to yield flow near the 2CK fixed point as it includes ⌬ ϩ . Only if this combination ⌬ 0 is initially very small relative to a power of another linear combination of the same ͕⌬ i ͖ can behavior near the 2CK critical point be obtained; furthermore, the criteria become more stringent the lower the Kondo temperature, as shown in Appendix A.
Better prospects occur when QϷ1/2 ͑i.e., q small͒. Unfortunately, even if the one-electron plus impurity hopping term ⌬ 1 were initially much larger than ⌬ 0 and ⌬ 2 , the purely electronic hopping term y, determined basically by the spatial separation of the two impurity sites, 14 would combine with ⌬ 1 to generate the wrong combination ⌬ ϩ of ⌬ 0 and ⌬ 2 , as in Eq. ͑43͒. Thus, again, unless y is small the criteria from Appendix A are very strict, as could be anticipated from the y dependence of Ϯ .
The best prospects are thus for q and y both small so that the eigenvalues are all comparable. But this is just the condition for the analysis of Sec. IV and Appendix B via refermionization to be valid. To get near the 2CK fixed point, ⌬ ϩ must remain small, thus we can study the RG equations ͓Eq. ͑B14͔͒ to leading order in ⌬ ϩ and the linear combinations of y and q, ȳ , and q ,
and, ignoring w from Eq. ͑43͒
At the intermediate coupling 2CK fixed point, the convention we have chosen yields ⌬ K *ϭͱ4, so that ȳ and q have the correct eigenvalues there as well as for weak coupling (⌬ K Ϸ0).
Integrating the above equations, we find that the criterion to flow to the 2CK fixed point is, to leading order in ⌬ ϩ and ȳ ,
ͯϭ0.
͑46͒
The parameters can be evaluated at any scale where the intermediate-coupling RG equations are valid, i.e., for small ⌬ ϩ , ȳ , and q . If these are small at the starting scale, then their starting values can be used. Note that since
2 , unless ⌬ 0 and ⌬ 2 are almost exactly equal and opposite, ⌬ K will be at least as large as ⌬ ϩ initially so that ͉ȳ ln⌬ K ͉ needs to be small rather than just y, even in the best case of qϭ1/2ϪQ small ͓recall that ȳ is a linear combination of q and y given by Eq. ͑B7͔͒.
We thus see that the flows near the 2CK fixed point, in particular the generation via Eq. ͑43͒ of the unique relevant operator ⌬ ϩ from other operators, yield stringent conditions for the accessibility of the non-Fermi-liquid 2CK behavior. If there is no symmetry between the two sites, then the presence of a second relevant operator ͑see Sec. IV͒ makes prospects even worse.
This work strongly suggests that to observe two-channelKondo-like non-Fermi-liquid behavior of an impurity hopping between two sites in a metal one must either be able to tune some parameters over a substantial range or be extremely lucky. This casts doubt on the interpretation of Ralph et al. 4, 5 of their narrow constriction tunneling data. One possibility, although perhaps farfetched, is that these might be some kind of defects tunneling in environments with higher symmetry or at least approximate symmetry. In another paper, we will show how an impurity hopping among three sites with triangular symmetry can, without fine tuning, lead to a two-channel Kondo behavior at low temperatures.
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APPENDIX A: DETAILS OF THE WEAK-TO INTERMEDIATE-COUPLING CROSSOVER
In this appendix we analyze the dependence of the crossover energy scale T K and other quantities as a function of initial values of various coupling constants. For simplicity, we ignore the coupling to the even parts of the electron fields ͓and hence terms such as u and w in Eq. ͑29͔͒. Since in the weak-coupling RG flow equations ͓Eq. ͑23͔͒ of ⌬ 0 , ⌬ 1 , and ⌬ 2 , q and y are essentially constant, these equations can be trivially integrated. The solutions for the two quantities of interest at the intermediate-coupling region, i.e., ⌬ ϩ (l) and
and
with the weak-coupling eigenvalues given by Eq. ͑24͒. Note that the weak-coupling eigenvalues for the relevant hopping terms should be universal. 17 But since we have ignored higher-order terms in y ͑as well as renormalization of q from high-energy scales, which make it related to a phase shift rather than a coupling constant͒, the expressions for the eigenvalues in terms of the original y 0 and q 0 will not be exact.
The couplings that appear in Eqs. ͑A1͒ and ͑A2͒, ⌬ 0 , ⌬ 1 , and ⌬ 2 , are linear combinations of the original ⌬ 0 , ⌬ 1 , and ⌬ 2 : 
͑A3͒
The weak-coupling flow equations in Eq. ͑23͒ break down at the crossover scale T K ϭ c Ϫ1 e Ϫl* , which is reached when the first of ⌬ ϩ (l*) and ⌬ K (l*) becomes of order unity. At this scale, q and ȳ , defined in Eq. ͑B7͒ and appearing in Eq. ͑40͒, are q ϭͱq 2 ϩy
In order to flow close to the 2CK fixed point, it is necessary that ⌬ K (l*)ϭO(1) first, with ⌬ ϩ (l*)Ӷ1. There are two regions of parameter space, in terms of ⌬ 0 , ⌬ 1 , and ⌬ 2 , where this is realizable. The first is
in which case the crossover scale is
The other region corresponds to the second square under the square-root sign in Eq. ͑A2͒ being of order unity. In this case the inequality of Eq. ͑A5͒ is reversed, ⌬ 0 and ⌬ 2 have to be opposite in sign (⌬ 0 ⌬ 2 Ͻ0), and
The opposite limit corresponds to ⌬ ϩ (l*) becoming of order unity first. This will happen when Eqs. ͑A7͒ and ͑A8͒ hold, but with ⌬ 0 and ⌬ 2 having the same sign (⌬ 0 ⌬ 2 Ͼ0).
It can be seen from Eq. ͑A3͒ that the above two conditions ͑A5͒ and ͑A7͒ are complicated functions of the initial parameters q, y, and the ⌬'s. In the remainder of this appendix we will analyze two limiting cases in terms q and y.
The first limit is ͉q͉ӷ͉y͉. From Eq. ͑A3͒ we see that for qϾ0 this corresponds to ⌬ i Ϸ⌬ i for iϭ0, 1, and 2, in which case the conditions in terms of ⌬ i are read directly from Eqs. ͑A5͒-͑A7͒. It should be noted that small initial Q 0 ϭ 1 2 Ϫq 0 , i.e., weak coupling of the electrons to the impurity position ͓Eq. ͑8͔͒, lies in this regime.
In the second limiting case, whence ͉q͉Ӷ͉y͉,
In this region, Eq. ͑A5͒ becomes, for yϾ0, approximately,
while Eq. ͑A7͒, for yϾ0, corresponds to
In conclusion, for both limiting situations, as well as for the intermediate region, where ͉q͉Ϸ͉y͉, there is a finite, albeit small, region of initial parameters where the approach to the 2CK fixed point at low energies is indeed possible. Finally, we demonstrate that the weak-coupling condition for flowing to the 2CK fixed point, ⌬ ϩ (l*) small, evaluated at the Kondo temperature T K ϭ c Ϫ1 e Ϫl* matches with the one derived from the intermediate-coupling side ͓Eq. ͑46͔͒ in the parameter region where both are valid, i.e., small initial q , ȳ , ⌬ ϩ , and ⌬ K . To linear order in q, y, and ⌬ ϩ we have, from Eq. ͑A2͒, ⌬ K (l)Ϸe l/2 ⌬ K and hence
The condition for criticality becomes, from Eq. ͑A1͒,
After expanding the factors T K Ϫ Ϯ to leading order in q and y and writing l*ϷϪln(⌬ K 2 ) this yields
Noting that the terms in the first parentheses is just ⌬ ϩ evaluated at T K , to lowest order in q and y, while the term multiplying the logarithm is just 2ȳ at T K , to lowest order in q and y͓see Eq. ͑A4͔͒, we recover the condition Eq. ͑46͒ derived from the refermionization calculation, for the initial ⌬ K small.
APPENDIX B: DETAILED ANALYSIS OF THE INTERMEDIATE-COUPLING POINT
In this appendix the details of the intermediate-coupling point analysis are discussed. The starting point is the bosonization of the Hamiltonian in Eqs. ͑7͒-͑9͒, using Eqs. ͑10͒ and ͑11͒, but inserting and keeping track of ordering factors that ensure proper anticommutation relations between different fields. The original fermions c 1↑ ,c 2↑ ,c 1↓ ,c 2↓ are bosonized in the following way ͓rather that just the simple form of Eq. ͑10͔͒: In this paper we have implemented an RG approach based on a bosonization method first developed by Emery and Kivelson, 18 which is inherently anisotropic in the channel pseudospin. We thus found a 2CK-like fixed point with an O͑2͒ symmetry, higher than the Z 2 interchange symmetry of the original impurity problem. Despite the fact that this fixed point had lower symmetry than the SU͑2͒ symmetric one of the 2CK model solved by conformal field theory methods, we will show in this appendix that all relevant, marginal, and leading irrelevant operators expected from conformal field theory can be recovered from this model. 12 To be specific, in Sec. IV D the six dimension-1/2 relevant operators of the 2CK fixed point were analyzed ͑see Table II͒ . Also, the only marginal, dimension-1, operator was found to be the conventional potential scattering term u⌿ ec † ⌿ ec , yielding i␣ ec ␤ ec . In addition, there are four leading irrelevant, dimension-3/2, operators consistent with the symmetries of the problem we considered. The first, ␥␦␣ c ␤ X , corresponding to q , does not break the O͑2͒ symmetry of the fixed point. This is essentially the leading irrelevant operator discussed in Ref. 10 . In fact, there is no other operator with the same dimension, 27, 28 invariant under O͑2͒ and the other discrete symmetries of the system, that does not involve even operators (⌽ ec ,⌽ es ), which naively decouple from the impurity. This can be checked directly from Table I , by taking all possible combinations of Majorana fermions in the channel pseudospin sector. Since the 2CK fixed point can be correctly described in terms of the free Majorana fermions we conclude that there is no other operator missing from our approach. This fact suggests that the operators that would distinguish the O͑2͒ from the SU͑2͒ symmetric fixed points have dimension higher than 3/2 and are thus more strongly irrelevant, in contrast to what Affleck et al. 11 have claimed that a term breaking the SU͑2͒ down to an O͑2͒ symmetry has dimension 3/2. 29 The second leading irrelevant operator ␦␣ s ␣ es ␤ es can be seen from Table I to be the only other operator with dimension 3/2 that respects the O͑2͒ as well as the discrete symmetries of the system. Although it explicitly involves the Majorana fermions of the spin sector, it can be seen that this operator also satisfies the full spin SU͑2͒ symmetry by the fact that it is generated from a strictly spin SU͑2͒ invariant term ⌬ 1 with a cutoff-dependent coefficient proportional to ⌬ 1 . This is allowed by the full symmetries of the 2CK problem and will therefore be generated in the way outlined above or, equivalently, from the high-energy scattering processes. At weak coupling, this term, with the RG eigenvalue Ϫ1/2Ϫ2q 2 , is always irrelevant. After performing the unitary transformation of Eq. ͑28͒ and refermionizing, it becomes ␦␣ s ␣ es ␤ es , with scaling dimension 3/2 close to the intermediate-coupling fixed point. This operator contributes to the singular part of the impurity specific heat, but not to the susceptibility of the conventional two-channel, spin-1/2, Kondo model, thus leading to a nonuniversal Wilson ratio ͑the existence of two irrelevant operators at the 2CK fixed point was discussed by Affleck and Ludwig in Appendix D of Ref. 12͒. Other approaches to the 2CK problem 10, 18, 30 assumed implicitly some higher symmetry 31 at the fixed point ͓such as particle-hole symmetry, under which Eq. ͑C2͒ changes sign͔ and therefore do not contain this second leading irrelevant operator ͑see Ref. 11 for more details͒.
The remaining two dimension-3/2 operators ␥␦␣ c ␤ I and ␦␣ c ␣ ec ␤ ec do not respect the O͑2͒ symmetry, but exist on the critical manifold with the Z 2 interchange symmetry, i.e., having set the relevant operator, corresponding to a linear combination of ⌬ ϩ , w, and ȳ , to zero; see Eq. ͑B15͒. They were discussed in Sec. IV C and correspond to couplings ȳ and w. Interestingly, the first does not enter in the leading impurity specific heat correction of O(TlnT) since it couples to a dimension-2 irrelevant operator g ␥ , leading only to a T 3 lnT correction to the impurity specific heat. More generally, in the case where Z 2 interchange symmetry is also broken, there are three more dimension 3/2 irrelevant operators, namely, ␥␦␣ ec ␤ ec , i␦ ‫␤ץ‬ s /‫ץ‬x , and i␦ ‫␤ץ‬ c /‫ץ‬x . However, in this case two relevant operators must be tuned to be on the critical manifold.
